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BBEJAEHHUE

MaremaTnyeckue MOAENM MHOTMX 3a/ad B €CTECTBEHHBIX HAyKax H
TEXHUKE  cojepkar  auddepeHranbHble  ypaBHEHUS € YaCTHBIMU
NpOU3BOJIHBIMU. Takue ypaBHEHUSI NPUHATO Ha3blBaTh YPaBHEHUSIMHU
MaTteMaTudeckoi (Gu3uku. bobIoi uHTepec s NPUIIOKEHUN MPEACTaBISIOT
JMHEHHBIC YPaBHEHHUS BTOPOTO TMOPSIKA C TOCTOSHHBIMU KOd(uImeHTamu.
Mertonp! penieHnst 1 3TUX YPABHEHHUN U3y4€HBI 10CTaTOYHO XOopoIuo. K Takum
MeToaM OTHOcUTcs meron Pypbe — METOA pasfeneHust nepeMeHHbix. C ero
MOMOILBIO YCIEIIHO PEIIATCs JUHAMUYECKUE 3a]a4H, B KOTOPBIX MPUXOJAUTCS
paboTarth ¢ ypaBHEHMsIMHU rumnepoonudyeckoro tumna. [Ipumepom Takux 3amay
CIIly’)KaT KoJIeOaHUs B CTEP)KHEBBIX CHCTEMaxX, MOJAPOOHO PACCMOTPEHHBIE B
pabore [l]. Merog @Dypre NpUMEHSETCA TaKXKE NPH PEIIECHUU 3a1a4y
TEIUIONPOBOJAHOCTH  [2] 11 YCTAHOBUBIIMXCS  IPOIECCOB  (ypaBHECHHS
AIUIMOTUYECKOTO0 THUMA) W JJIsI  HECTAallMOAaHAPHBIX 3aj1ad  (ypaBHEHUS
1apaboJIMYeCKOTo TUIIA).

YpaBHEHUS ¢ YACTHBIMU MPOU3BOJIHBIMH MOTYT UMETh O€CKOHEYHO MHOTO
JUHEWHO HE3aBUCHUMBIX YaCTHBIX pEUIEHUW. ODTUM OHH OTJIMYAIOTCS OT
OOBIKHOBEHHBIX JH(dEepeHIINaTbHbIX YpaBHEHUHN. PelieHusi JTUHEHMHBIX 3a7ad
MaTeMaTU4YeCKOW (DU3UKH TOTy4daroT uYepe3 CYMEPHO3UIMI0 TAKUX YaCTHBIX
pemenuii. Ilpm 3ToM B ciydae OECUMCICEHHOTO MHOXECTBA JIMHEHHO
HE3aBUCHUMBIX YACTHBIX PEIICHWM BO3HUKAIOT HHTErPAJIbI, COAEpPKAIINE
napameTp. Eciam K€ MHOKECTBO YacTHBIX PEUIEHUH CYETHOE, TO HCKOMOE
pelieHue 3a7adyd MpeAcTaBisieTcss uepe3 (YHKIHOHANbHBIA psn. JlaHHbIe
METOJMYECKHE YKa3aHHd COAEp)KaT 3aJadd, B  PEIICHHSIX KOTOPBIX
MPUCYTCTBYIOT (PYHKITMOHAIBbHBIC Psiabl. [Ipy 3TOM mipenronaraercs, 4To psbl

MMEIOT HeNPEPhIBHBIE CYMMBI. byZieM Takike moyarath, YTO BCE BCTPEUAIOIIUECS



B pEUIEHUH PsIbl MOXHO HeoOXoAaumoe uuciao pa3 auddepeHpoBaTh

ITOYJICHHO.

1. KOJIEBAHUA YIIPYT'OI'O CTEPKHA

PaccMOTpUM  NpSIMOJIMHEWHBIA CTEp)KeHb JUIUHBI | C  TOCTOSIHHBIM
MOTIEPEYHBIM CEUYCHHEM Iulomanu S. Marepuan CTEpKHS OTHOPOIHBIA C
IJIOTHOCTBIO P. YCIIOBHUSI 3aKPEIUICHUS! U HArPY>KEHHSI CTEP>KHSI TAKOBBI, YTO
peanusyercsi OAHOOCHOE pacTsikeHue-cxkatue [3]. Ilpu pe3koM H3MEHEHUH
BEJIMYMHBI BHEIIHEW HArpy3Kd CTEPKEHb BBIXOJUT W3 COCTOSIHUS TIOKOSI U
HAYMHACT COBEpIIaTh CBOOOJHBIC TMPOMOJIBHBIE KoJieOaHUsA. BwiBemem
ypaBHEHUE, KOTOPOE OMUCKHIBAET ITH KOJICOAHUS.

CBskeM cO CTEep’KHEM JIeKapTOBY cuUcTeMy koopnauHat. Hawano orcuera
PACIIOJIOKHUM B LIEHTPE TSHKECTU HA JIEBOM KOHIE CTEP KHS, KOOPJIUHATHYIO OCh
OX HampaBUM BJIOJIb T€OMETPUYECKOM OCH CTEp>KHA. BbIaenuMm ydacTok
CTEp KHS, TTPOBEIS JIBA TIOIIEPEUYHBIX CCUCHUS HAa PACCTOSHUAX X M X + OX oOT
Hayaya orcyeTa. PaccMOTprUM paBHOBECHE BBIIEJIEHOI0 y4acTKa MO JeHCTBHEM
BHyTpeHHUX ycuiui Nj u N,, neHcTBYIOIUX CO CTOPOHBI COCETHUX YyYaCTKOB

cTepkHs (puc.l), a TaKKe CHII UHEPLUU.

A
v
v

Nl N?

Puc.1



[TpuxonuM K ypaBHEHHUIO BUJA
2
ou
'N1+N2'deX—2——:O, (1)
ot
rze U(X,t) — oceBoe mepeMenieHne CeYeHHst CTEPIKHsI, 3aBUCAIICE OT MPOIOTBHOM
KOOpJMHATHI X U BpeMeHu t. B pamkax rumnores3 cConpoTUBIEHUS MaTepraios [3]
pacrpesielieHie HOPMAaJbHOTO HANpPsHKEHUST © MO IONEPEeYHOMY CEYCHUIO

CTEp>KHSI TOJIaraloT PaBHOMEPHBIM, TaK 4YTO BHYTpeHHee oceBoe ycuine N u

HaIpsHKCHUC G CBA3AHbI PAaBCHCTBOM

N=cS. (2)
Torna ypaBaenue (1) npuHuMaeT BUJL
&u
pdX—— = 6,-07 . (3)
ot

[lpu ycnoBuM, YTO MaTepuan CTEp)KHS JIMHEWHO YIPYTHH, CBsI3b MEXKIY
HOpMaJIbHBIM HaNpPsOKEHUEM M 0CEBOH jaedopMaliieil € onpeaesseTcs 3aKOHOM
['yka:

c=Eeg . (4)
Uepes E B dopmyne (4) obOo3HaueHa MexaHMUYECKash XapaKTEPUCTHKA
MaTepuaia — MoAynb ymnpyroctu (Momynb HOnra). B cBoro ouepenp oceBas
nedopmanus CBsizaHa ¢ POJAOJIBHBIM MIEPEMEIICHUEM COOTHOIICHHEM BUIA

g=—. (5)

OX

C yuetom paBeHCTB (4) u (5) ypaBHEeHHE (2) IPUHUMAET BU]L

2
de6 u(2><,t) “E( ou(x+dx,t) ] ou(x,t) Y ©)
ot OX OX




[IpeneOperas B mpaBoil 4acTH ypaBHEeHUs (6) OECKOHEYHO MaJIbIMU BEJTUYMHAMHU

BBICHIUX IMOPAAKOB, ITOJTYYHUM

u(x.t) &°u(x,b)
pdxX ———— =B —
&t ox?
n gaJjiee
oPu(x t 2u(x,t
___(__)_ = a2 ———(——)— ) a2= E/ p. (7)
&t ox°

VYpaBaenue (7) npeacTtaBiser coOboli ypaBHEHHE CBOOOHBIX MPOJIOIBHBIX
KOJIEOaHUH YIIPYToro CTEPIKHI.
K ypaBuenuto (7) cneayer no0aBUTh HadaldbHBIE U TPAHUYHBIC YCIOBHS.

Hauvanbnbie YCIIOBUS UMCIOT BHUJ

ou(x,0)
u(x,0=f(x), ————— =g(x).
ot
Bnece f, g — 3amanHble (YHKIHMH aprymMeHTa X, KOTOPBIC OIPEACIISIOT

COOTBETCTBEHHO MEPEMELIEHUS U CKOPOCTH MOINEPEYHBbIX CEYEHUN CTEP)KHS B
MOMEHT Havajla KojeOaHuil. Buj rpaHWYHBIX yCIIOBUM 3aBUCUT OT crocoba
3aKpEIJICHUS U HarpyXeHUsl KOHLIOB CTEPKHS.

B xauectBe mpumepa paccMOTPHUM CTEPKEHb, Y KOTOPOTO JIEBBIA KOHEL]
3allleMJIeH, a K MPaBOMYy KOHIly MpuioxkeHa oceBas cuia (puc.2). CrepxeHb

HaXO0AHUTCA B COCTOAHHH ITOKO.

P X (POl t<0
> P=P(t)=3
0 \0, t=0
Puc.2



B HEKOTOpBII MOMEHT BPEMEHH, INMPUHATHIM 3a HAYAIbHBIMA, NECHCTBHUE CHIIBI
MTHOBEHHO Tipekpamaercs. CTepkKeHb HayMHAET COBEPIIATh CBOOOJHBIC
KoJieOaHMs, KOTOpble OMuChIBaloTCS ypaBHeHueMm (7). HadanbHble ycioBus

HUMCIOT B

Px ou(x,0)
u(x,0)= : =0.
ES ot

(8)

Tak kak JIEeBbIM KOHEL CTEPKHS 3aIIEMIIEH, TO
u(0,t)=0. 9)
[IpaBblli KOHEIl CTEpPkKHS BO BpeMs KojeOaHUW CBOOOJEH OT 3aKpEIUICHUH U
BHEIIHUX HATPY30K, TaK 4TO
N=0 npu Xx=I.
C yuerom paBeHCTB (2), (4) u (5) moclieHee TPaHUYHOE YCIOBUE MOXKHO

MpCACTaBUThL B BUAC

———1 0. (10)

Pemenue kpaepoii 3agauu (7)-(10) mpoBeneM metogom Dypbe [4].

HpeILCTaBI/IM HCKOMOC PCIICHUC B BUAC

u(x,t)=X(x)T(t). (11)
[ToncraBuB Beipaxkenue (11) B ypaBHeHue (7), MOJy4uM IIOCTE pa3eiiCHHUS
IEPEMEHHBIX
™ X
2T X

[TocnenHee paBEHCTBO JIOJKHO BBITIOJHATHCS JISI BCEX 3HAYCHUU t>0 u 0<x<l.

DTO BO3MOKHO, €CJIH
TN XH
——=—=C, rae C=const. (12)
T X



Torma s OTIPEICIICHUS X(X) noJry4aem 0OBIKHOBEHHOE
nuddepeHIanbHOe YpaBHEHNE
X"-CX=0. (13)
K ypaBuenuro (13) cnegyer 106aBUTh rpaHUYHBIE YCIOBUS
X(0)=0 u X'(0)=0, (14)
MOJIy4eHHBIE COOTBETCTBEHHO U3 ycioBuit (9) u (10). Ilpu 3Hawenmsx C>0
3amaya (13), (14) umeeT eAMHCTBEHHOE PEIICHHE
X(x)=0,
HO Torna BeipakeHue (11) He 3amaeT mepemenieHus Mpu KoyiedaHUsIX. 3HAUUT,
cienyet monoxuts C=-A°. Toraa 3amada (13), (14) HMeeT MHOKECTBO peIeHHiT
Xk(X)=DysinXx, M=(k+¥2)n/l  (k=0,1,2,...). (15)
BenuunHbI A Ha3bIBAIOTCSA COOCTBEHHBIMH 4YuCIaMu, a Xy(X) — COOCTBEHHBIMU

byakuusmu 3agaun (13), (14).

Vnpaoxcnenue 1: Iloxkazams, umo cucmema cobocmeenuvlx Gyuxyuti (15)

saensiemcst opmoconanvhou na ompeske [0;1], mo ecmw

|
JX(X) Xe()dX=0, ecau ms=n.
0

Hus onpenenenus pynknuu T(t) mMeeM Ha ocHOBaHWUW ypaBHeHHU (12)
00BIKHOBEHHOE U depeHInaIbHOEe YpaBHEHUE
T"+(a)*T=0 (k=0,1,2,...),
oOl11ee peleHrne KOTOporo UMeeT BH/T

Tr(t)=Arcos(M@)t+B,sin(Aca)t (k=0,1,2,...). (16)



C yuerom Beipaxkenuit (11), (15) u (16) uckomoe pemreHue OyaeT MpeICTaBICHO

B BHJIC
w - -
u(x,t)=2 [ axcos(A@)t + bysin(Aa)t JsiniyX . (17)
k=0
[ToncraBuB Beipaxenue (17) B HaualibHbIC YCIOBUSA (8), MOTyIUM

o PX 00 _
2 asinyXx=——mu X by(A)sinix=0.

k=0 ES k=0

HOCJIG,IIHI/IG pPaBCHCTBA B CHIY OPTOTOHAJIBHOCTH CHCTCMBI COOCTBEHHBIX

¢bynkmmii (15) MoxkHO paccMaTpuBaTh Kak pasnoxkeHus B pansl Oypoe. Torma

I x=I
a=(2P/IES)IxsinAxdx = (2P/IES)[ x(-coshxX)/h | - Jl(—coskkx)/kkdx]:
0 x=0 0

=l
=(2F>/|Esxkz)s,in(xkx)f< = (D)*@PIESLE) u  b=0 (k=0,1,2,...).
x=0

OxoHyaTenbHO MoJyYuM perenue 3anaqu (7)-(10) B Buae
8 Pl o (-1 2k+l)m  (2k+1)m
ux,t)= ——=x = cos( ) at sin( )
n° ES k=0 (2k+1)? 21 2|

X.

Vnpaorcnenue 2. Pewumsv 3a0auy o c60000HBIX NPOOONbHBIX KOAEOAHUSX
VAPY2020 CMEPIHCHA NPU 3A0AHHBIX HAYANbHLIX U 2PAHUYHBIX  YCIIOBUSX,

sapuanm onpeoeiums npeonocieonell yugppe Homepa 3a4emuol KHUICKU.

2.1.  u(x,0)=-Px/ES, ui{(x,0)=0; u(0,t) =0, ui(t)=0.

2.2. u(x,00=0, uti(x,0)=0; u(0,t) =0, u%(l,t)=P/ES.
2.3. u(x,00=0, ui(x,00=0; u%(,)=P/ES, u%(I,t)=P/ES.
24.  u(x,0) =-P(I-x)/ES, ui(x0)=0; u%Ot =0, u(lt)=0.

25. u(x,00=0, ut(x,0)=0; u(0,t) = P/ES, u(l,t) = 0.
26. u(x,00=0, ut(x,0)=0; u(0,t) =0, u(l,t)=Vvt.
2.7. u(x,0)=0, uti(x,0)=0; u(0,t) = -Vt, u(l,t)=20.
2.8. u(x,00=0, uti(x,0)=0; u(0,t) =0, u(l,t) =Asin(at) .



29. ux0 =0, u;(x0)=0; u@O =0, ui(t = (P/ES)sin(at) .
2.10. u(x,00=0, ui(x0)=0; u%(@Oy) =(P/ES)sin(at), u(lt)=0.

2. HECTAIIUOHAPHAA TEIIJIOITPOBOJJHOCTbDH B CTEP’KHE

PaccMoTpuM TPSIMOJIMHEHHBIN CTEp)KeHb KOHEYHOW JUIMHBI |. CBsbkeM ¢
HUM JIEKapTOBY CHUCTEMY KOOPAMHAT, PACIOJIOKMB HA4yalo OTCYETA Ha JIEBOM
TOPIICBOM CEYEHWU W HampaBuB och OX BAOAb OCH CTEepXKHA. Martepuan
CTEP)KHSI CUMTAeM OJHOPOJHBIM C IUIOTHOCTBIO P, Kod(duImeHToM
TETUIONPOBOAHOCTH K M yaenbHOH OOBEMHOM TEIIOEMKOCThIO C. BokoBas
MOBEPXHOCTh  CTEP>KHA  TEIUIOU30JIMpPOBaHa, TaK 4YTO TEIJIOOOMEH C
OKpYXKalollled CpeloM NIPOUCXOAUT TOJIBKO Yepe3 TOpLEBblE cedyeHus. B
CTEpKHE OTCYTCTBYIOT BHYTPEHHHME HCTOYHHUKM TeIUla. B KakIpli MOMEHT
BPEMEHH TEMIIEPAaTypy BO BCE€X TOYKAX JAHHOIO IIONEPEYHOTO CEUYEHHUS
nojaraeM ojuHakoBoi. Temmepartypa O(X,f) 3aBHCHT TOr/ja OT MPOJOJILHOU

KOOPJMHATHI X ¥ BpeMEHH t U yIOBJICTBOPSIET YPABHEHHIO TEILIOMPOBOIHOCTH
2
—————— a2 0 , a’=klep. (18)
ot ox?

[TocTostHHYIO & Ha3bIBAIOT KOA(DMHUIIMEHTOM TEMIIEPATyPOIIPOBOHOCTH.

K YPAaBHCHHUIO TCIIIOIIPOBOAHOCTHU CICAYCT I[06aBI/ITB Ha4aJIbHOC YCJIOBHC
BHU A

O(x,1)=f(x) mpm 0<x<I

¥ TPaHUYHBIC YCIOBUS ist ceuenuii X=0, X=I.

PaCCMOTpI/IM Ha4YaJIbHOC U T'PAHUYIHBIC YCJIOBUA CICAYIOIICTO BUAA:

0(x,0)= 6y, (19)
00(l,t)
o0,)=M, ——— =0. (20)
OX



3nece 6 m M — 3aganHble KOHCTaHTHl. ['panuunbie ycioBus (20)
COOTBETCTBYIOT Clly4ar0, KOIJla Ha JIEBOM TOpLE CTEPXKHS NOIIEPKUBACTCS
MOCTOSTHHAs TEMITEpaTypa, a IpaBblil TOPEI] TeIJIOU30IUPOBaH.

[IpencraBuM uckomoe pemieHue 3aaaun TeruionpoBogHocTu (18)-(20) B
BUJIE

(X, t)=X(X) T (t)+o(X).
®Oynkuio @(X) cienyer BEIOpaTh Tak, 4YTOOBI CAETIATh TPAHUYHBIE YCIOBHSI JJIS
¢ynkumn  X(X) omHOpomubiMu. [Ipum stom O(X,t) HODKHO YHOBIETBOPATH
oqHOpoaHOMY ypaBHeHuto (18). Dto mocturaercs, eciu
@"(X)=0 mpu 0<x<I; ¢@0)=M, ¢'(I)=0.

[Mocnennue ycioBus OyIyT BBITIOJIHEHBI, €CIIM TOJI0XKHUTE @(X)=ax+b nmpu b=M

u a=0. [Ipuxoaum K BBIPAKEHUIO

0(X,t)=M+X(X)T(t). (21)
[ToncraBuB ero B ypaBHeHue (18), mocie pa3aeneHus IepeMeHHbIX MOTydaeM
TI XH
a’T X

Tak kak mocieaHee paBEHCTBO IOJKHO BBIMOJHATHCS IS BCeX 3HaueHMid >0
n 0<x<I, To

T'-C a°T=0 (22)

X"-CX=0,
rae C=const. O6mee pemenne ypaBaenus (21) nmeeT BU
T(t)=Aexp(Ca?).
Hu B OZHOM TONEpEYHOM CEUEHHHM CTEPXKHS TeMIlepaTypa HE MOXKET C
TEUEHHEM BPEMEHH HEOTrPAHHIEHHO BO3pacTaTh, Tak uto C=-A°. Torma

T(t)=Aexp(-1?a*) . (23)

10



NuddepennnanbHoe ypaBHeHue s onpeaeneHus GyHKiun X(X) mpuHEMaeT
BU/T
X"+12X=0 . (24)
VYpaBHeHue (23) pemaercs Mpy rpaHUYHBIX YCIOBUSAX
X(0)=0 u X'(0)=0, (25)
KOTOpbIE MOJIYYaloTCs MPU MOJCTAaHOBKE BhIpaxkeHus (21) mns temneparypsl B
rpannyHbie yciaoBus (20). 3agaya (24), (25) umeeT MHOXKECTBO PELICHUM
Xn(X)=BpsinAx, (n=0,1,2,...). (26)
Bnece  A=(N+2)m/l — coOctBeHHble umciaa 3amaun (24), (25), TO ecTh
JOMYCTUMBIE 3HAa4YeHUs mapamerpa A. CyMMHUpPYsl YaCTHBIE PEIICHHsI, KOTOPHIE
MOJIyYEeHbI TIPU OJHOPOAHBIX TPAHUYHBIX YCIOBHUSX, C YU€TOM BbIpakeHui (23)
u (26) monyuum nist perieHus 3agaun (18)-(20) crienyroiiiee BoIpakeHHUE
O(X1)=M+3. bysin(hx)exp(-h,2alt) .
n=0
[ToxcraBuB Tenepsb 0(X,t) B HauanpHOE ycmoBue (19), momydanm
O§ brsin( (n+%2)nx/l ) = 0o-M.
n=0
Bocnonszyemcss opTOroHambHOCTBIO cHUCTeMbl GYHKIWNA (26) W BBIYUCIUM

3Hauenus b, mo hopmynam mis kosddunuentor Dypee:

bn=(2ll)![(90—|\/l)sin( (n+%)mex/1 )dx = -(2/1)(0o-M) ( 1/(n+¥2)7 ) cos( (n+%2)nx/I 3(|:=|
0 x=0
_ 2(M-8o)
(n+¥%2)w

Torma nckoMoe pacnpesenenrue TemnepaTypsl Oy1eT NpeCTaBICHO B BUIE

e(x,t):M+2(M-eo)o§ ———E——sin((n+1/z)nx/I)exp(-((n+1/z)na/I)2t) :
n=0 (n+%)

11



Vnpascnenue 3. Hatimu pewenue 3a0aqu HecmayuoHapHol menionpogoo-
HOCMU OJisl CMEPIHCHS KOHeYHOU ONUHbL NPU 3A0AHHBIX HAYATLHOM U SPAHUYHBIX
YCI0BUAX U 3HAYEHUU KOodg@uyuenma memnepamyponposoonocmu. Bapuanm
3a0anus onpeoensemcs nocieoHel yuppoi Homepa 3a4emHoUu KHUNCKU.

3.1, Ax0)=19sin52x; A0,)=0, 65(05)=0;  a’=2.

3.2.  Hx,0)=8cosax; 0%0,)=0, &1,5;t)=0; a’=b.
3.3.  Hx,0)=17sin3zx; &0,)=0, 0%2,5:t)=0; a’=8.
3.4.  Ox,00=6c0s97x; 64(0,1)=0, &3,5:t)=0; a’=1.
35.  6x,0)=15sin3zx; &0,1)=0, 0%4,5;t)=0; a’=4.

3.6.  Ax,0)=5sin2zx-1+3x; &0,)=-1, H2:1)=5; a?=9.
3.7.  #x,0)=6sin3mx+2-3x; &0,)=2, HB3:)=-7; a’=8.
3.8.  Ax,0)=7sin2zx-3+4x; &0,)=-3, HL:)=1; a’=7.
3.9.  Ox,0)=8sindmx+4-5x; HA01)=4, O&2;)=-6; a’=6.
3.10.  O(x,0=9sin3zx-5+2x; H&0,1)=-5, &3;t)=1; a’=5.
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CocraBunu: CEPEBPAKOB Annpeit Bnagumuposny
TPE®UNJIOBA I'anuna MakcumoBHa
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